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The accumulation of dark matter particles near the primordial black holes starts at the radiation-
dominated cosmological stage and produces the central density spikes. The spikes can be the bright
gamma-ray sources due to dark matter annihilation. We present the self-consistent derivation of
the equation of motion of particle in the metrics of primordial black hole immersed into cosmolog-
ical background. By numerical solution of this equation we find the central dark matter density
profile. The density growth is suppressed in the central part of the profile compared with previous
calculations.
1. INTRODUCTION
The possibility of primordial black holes (PBHs)
formation was proposed by Ya.B. Zeldovich and
I.D. Novikov and by S. Hawking, see review in [1]. Re-
cently the PBHs attracted new attention because their
merge in binaries can explain some of the LIGO/Virgo
events. Another possible observational signature of
PBHs is the annihilation of dark matter (DM) in the
density peaks around PBHs [2–4]. This effect puts the
strong common constraints on the PBHs and DM [5–7]
and, in particular, makes the PBHs of stellar masses and
weakly interacting DM particles (WIMPs) are almost in-
compatible [7, 8].
To calculate the DM annihilation one needs the den-
sity profile ρ(r) of DM around PBHs. The profiles were
considered in several works[5–7], but usually with some
model assumptions. In this paper we use for the calcu-
lation the realistic metrics, corresponding to the PBH in
the expanding universe at the radiation-dominated stage,
obtained in [9], and the initial conditions for the DM
particles motion after kinetic decoupling from radiation.
The resulting ρ(r) in its central part differs from the pro-
files obtained in previous works.
2. METRICS AND THE EQUATION OF
MOTION
Let us write the general form of the spherically sym-
metric metrics in the curvature coordinates ds2 = eνdt2−
eλdr2− r2dΩ2. The mass of PBH is MPBH, gravitational
radius rg = 2MPBH, where c = G = 1. Thermalized
mixture of photons and relativistic particles is called ra-
diation. In the intermediate region
rg ≪ r ≪ t (1)
(far from PBH’s and cosmological horizons) the solution
for PBH immersed into cosmological background has the
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form [9]
eν ≃ 1−
rg
r
+
r2
4t2
, eλ ≃ 1 +
rg
r
+
r2
4t2
, (2)
up to the higher orders of small parameters. And the
self-consistent expressions for the density and velocity of
radiation are
ρr =
3
32pit2
(
1 +
2rg
r
)
, (3)
u = −
33/2r2g
2r2
+
3
4
rg
t
+
r
2t
. (4)
Note that the PBH’s metrics prevails at r < rinfl =
(rgt
2)1/3, but the flow stops (u = 0) only at r = rturn ≃
31/2(r2gt)
1/3
≪ rinfl due to the pressure of radiation.
Before the kinetic decoupling, DM particles are con-
nected with radiation and have the same velocity (4).
After the kinetic decoupling the DM moves freely. Equa-
tion (4) is different from the velocity that was used in [7]
at small r. This leads to the modification of the DM ρ(r)
in the internal region. To find the equation of free motion
of DM particle in the region (1) we need the Christoffel
symbol
Γ100 =
1
2
(rg
r2
+
r
2t2
)(
1 +
rg
r
+
r2
4t2
)−1
≃
1
2
( rg
r2
+
r
2t2
)
.
(5)
In the dimensionless variables [7] τ = t/rg, y = r/rg the
geodesic equation is1
d2y
dτ2
= −
1
2y2
−
y
4τ2
. (6)
It coincides with Eq. (1) of [7]. We obtained the
same equation in the self-consistent general relativity ap-
proach. The turning point dy/dτ = 0 could also be ob-
tained from Hamilton–Jacoby equation, but this is out
of scope of this paper.
1 See the analysis of (6) in Appendix.
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Figure 1. Density of DM around PBH. Solid curve shows the
result of numerical solution of Eq. (6) with initial velocity (4).
Dashed curve corresponds to the analytic expression (9), and
the dotted curve was obtained from Eq. (6) with the initial
velocity ui = ri/(2ti).
3. DARK MATTER DENSITY PROFILE
Now we study the density spike around PBH. As
a particular example we consider WIMPs with masses
mχ = 100 GeV and MPBH = 10M⊙. From [6] we obtain
the time of decoupling td = 0.003 s. It was argued in [7]
that for these parameters the thermal velocities of DM
are not important, and the density of DM around PBH
can be calculated by putting it to the cosmological one
at turn-around radius
ρ(r) ≃ ρ¯(tta(rta)) = ρeq
(
teq
τtarg
)3/2
, (7)
where ρeq is the DM density at the moment teq of matter-
radiation equality.
The [7] found also that the turn-around radius and
time are connected by
τta ≃ y
3/2
ta , (8)
with good accuracy, if the initial conditions are close to
the cosmological flow and the second term in (6) is ini-
tially small in comparison with the first one. Then
ρ(r) = ρeq
t
3/2
eq
r
3/2
g
y−9/4 (9)
coincides with the famous secondary accretion profile
ρ ∝ r−9/4 [10], except for the normalisation factor. This
density is shown at Fig. 1 by the dashed curve.
Now we show that the real ρ(r) at small r differs from
(9). We perform the exact numerical solution of (6) with
the realistic initial conditions (3), (4) taken at the time
of kinetic decoupling td. We obtain that at small radii
the turn-around parameters τta and yta do not follow
the relation (8), and we calculate them numerically. As
a result, we obtained from (7) that the real ρ(r) (solid
curve at Fig. 1) differs from the calculations of [7]. The
density growth in our profile is somewhat suppressed in
the center. We had calculated also the ρ(r) with only
the last term in the initial condition (4), and the result
changed slightly. It shows that the exact solution of (6)
is more important in comparison with the exact initial
velocity field.
4. CONCLUSION
In this paper the equation of motion of free particle was
derived self-consistently in the metrics of PBH at cos-
mological background. The resultant equation coincides
with that obtained in [7]. By the exact numerical solution
of this equation we found the central DM density profile
around PBH and demonstrated its central suppression
in comparison with profiles from previous works. In the
case of WIMPs as DM, this modification does not in-
fluence the gamma-ray signal from density spike around
PBH because the central part of the DM is totally anni-
hilated and disappeared till now, see the details in [5].
The central ρ(r) survives only for non-annihilating or
extremely weakly annihilating DM. Therefore this effect
doesn’t change the previous constraints on the PBHs and
WIMPs.
Appendix A: Qualitative study
We can’t solve Eq. (6) analytically but we can lower
its order and then analyze it qualitatively. It is useful for
the understanding the numerical results. Equation (6) is
homogeneous in general sense, and we use the substitu-
tion τ = eξ, y = w(ξ)emξ, m = 2/3. Then we lower order
by the change dw/dξ = p(w) and obtain finally
p
dp
dw
+
p
3
= −
1
2w2
−
w
36
. (A1)
The connection of the old and new variables is the fol-
lowing
w =
y
τ2/3
, p = τ1/3
dy
dτ
−
2y
3τ2/3
. (A2)
It was found in [7] by numerical experiments that the
turn-around occurs near y ≃ τ2/3 (w ≃ 1) if the ini-
tial condition y˙i = yi/(2τi) was chosen, and yi/(4τ
2
i ) ≫
1/(2y2i ) (wi ≫ 1). It can be explained by the fast rise
of the r.h.s. of (A1) near w = 1. Really, consider
the (w, p) plane. If the integral curve of (A1) begins
on the line y˙i = yi/(2τi) at wi ≫ 1, it has the ini-
tial slope dp/dw = −1/6 + 6/w3i and goes almost along
the line p = −w/6 until w ≃ 1. Then the curve turns
downward. The turn-around points y˙ = 0 lie at the
line p = −2w/3 and the integral curve intersect it with
3dp/dw = −7/24+3/(4w3) near w ≃ 1. Therefore, w ≃ 1
is the attractor of the integral curves with the above ini-
tial conditions. This explains the universal relation (8).
The different situation will be for wi < 1. In this case
there is no universal behaviour, and the calculated ρ(r)
differs from (9).
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